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Voigt notation is a common method, particularly in solid mechanics, for expressing sym-
metric tensors as a lower order tensor. As a basic example, it produces the mapping

�
�T 1 1 T 1 2 T 1 3

T 1 2 T 2 2 T 2 3

T 1 3 T 2 3 T 3 3

�

 ÞÑ

�
�������

T 1 1

T 2 2

T 3 3

T 2 3

T 1 3

T 1 2

�
������


.

For a simple look-up reference of the standard convention, see Sec. 4. However, for a
deeper understanding, this tutorial details the mathematical foundation of Voigt notation
to expose it subtleties [2]. In particular, it should be noted that even if the original space is
described by an identity metric, the `Voigt space' metric is not necessarily also the identity,
and care needs to be taken when performing contractions or raising/lowering indices.

1 Tensors

First, let us quickly review tensors. Starting with a vector space V of dimension n over
�eld F with basis te⃗iuni�1, and its dual space V � with basis te⃗ iuni�1, we de�ne the tensor
space T p

q pV q of contravariant order p and covariant order q as the set of tensors (multilinear
maps)

T : V � � V � � � � �looooooomooooooon
p

�V � V � � � �loooooomoooooon
q

ÝÑ F ,

T �
ņ

i1�1

� � �
ņ

ip�1

ņ

j1�1

� � �
ņ

jq�1

T
i1 ��� ip
j1 ��� jq

e⃗i1 b � � � b e⃗in b e⃗ j1 b � � � b e⃗ jn .

We de�ne the metric for V as

g �
ņ

i�1

ņ

j�1

gi j e⃗
i b e⃗ j ,

so that T ���
i
��� � °n

j�1 gi j T
��� j ���.
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2 Voigt transform

A Voigt transform on a pair of symmetric tensor indices reduces it to a single index,�
T : � � � � V � V � � � � Ñ F

	
ÞÑ
�
T̃ : � � � �W � � � � Ñ F

	
T��� pi jq ��� ÞÑ T̃��� a ���

where W , of dimension m � n2�n
2 , is a linear subspace of V b V , has basis tf⃗auma�1, and

metric h. Parentheses denote symmetrization Tpi jq � 1
2pTi j � Tj iq, which is simply Ti j if

already symmetric. For a faithful Voigt representation, we require that the tensors provide
an equivalent mapping,

� � �
ņ

i�1

ņ

j�1

� � � T ��� pi jq ��� � � � e⃗i b e⃗j � � � � T � T̃ � � � �
m̧

a�1

� � � T̃ ��� a ��� � � � f⃗a � � � , (1)

where expressions �lling in the corresponding ellipses are unchanged.

In order to proceed we de�ne a general relationship between basis vectors f⃗a and e⃗i,

f⃗a �
#
e⃗a b e⃗a : a P r1, ns � Z
α pe⃗ia b e⃗ja � e⃗ja b e⃗iaq : a P rn� 1,ms � Z

,

where ia � ja are determined by a Voigt ordering convention (see Sec. 2.1). Putting this
into (1) we discern

T̃ ��� a ��� �
#
T ��� a a ��� : a P r1, ns � Z
1
α T ��� ia ja ��� : a P rn� 1,ms � Z

.

We now wish to impose that contractions behave properly in Voigt notation, i.e.

ņ

i�1

ņ

j�1

T ��� i j ��� U ��� i j ��� �
m̧

a�1

T̃ ��� a ��� Ũ ��� a ��� .

Expanding this out we determine the rules for covariant tensor elements to be

T̃ ��� a ��� �
#
T ��� a a ��� : a P r1, ns � Z
2αT ��� ia ja ��� : a P rn� 1,ms � Z

.

The dual basis vectors are thus

f⃗a �
#
e⃗a b e⃗a : a P r1, ns � Z
1
2α

�
e⃗ia b e⃗ja � e⃗ja b e⃗ia

�
: a P rn� 1,ms � Z

.

With these mappings we can also derive the metric h on W to be

ha b �

$''''&
''''%

ga b ga b : a P r1, ns ^ b P r1, ns
2α ga ib ga jb : a P r1, ns ^ b P rn� 1,ms
2α gia b gja b : a P rn� 1,ms ^ b P r1, ns
2α2 pgia ib gja jb � gia jb gja ibq : a P rn� 1,ms ^ b P rn� 1,ms

.
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2.1 Ordering

The matching of tensor indices to their Voigt counterpart follows a spiral pattern, starting
along the diagonal, then going around the upper right triangle of the symmetric tensor.
An example for n � 5 is given in Fig. 1. This provides the mapping aØ tia, jau.
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Figure 1: Voigt ordering for a 5� 5 symmetric tensor.

2.2 Multiple pairs

Tensors with multiple pairs of symmetric indices can have each Voigt transformed. For
example, the transformation rules for T pi jq pk lq ÞÑ T̃ a b are

T̃ a b �

$''''&
''''%

T a a b b : a P r1, ns ^ b P r1, ns
1
α T a a ib jb : a P r1, ns ^ b P rn� 1,ms
1
α T ia ja b b : a P rn� 1,ms ^ b P r1, ns
1
α2 T

ia ja ib jb : a P rn� 1,ms ^ b P rn� 1,ms

,

T̃a b �

$''''&
''''%

Ta a b b : a P r1, ns ^ b P r1, ns
2αTa a ib jb : a P r1, ns ^ b P rn� 1,ms
2αTia ja b b : a P rn� 1,ms ^ b P r1, ns
4α2 Tia ja ib jb : a P rn� 1,ms ^ b P rn� 1,ms

.

A complete Voigt transform on a tensor, with all pairs of indices symmetric, maps T ppV q Ñ
T p{2pW q.

2.3 Multi-space tensor representation

Voigt transforms can be represented by a multi-space tensor that acts of di�erent vector
spaces. In particular, the contravariant Voigt transform is performed by

Ξ : W � � V � V ÝÑ F ,
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such that

T̃ a �
ņ

i�1

ņ

j�1

Ξa
i j T

i j , Ξa
i j � Ξa

j i .

The vector space V has dimension n and metric g, whilst the vector spaceW has dimension
m � n2�n

2 and metric h. Thus, the covariant Voigt transform is

T̃a �
ņ

i�1

ņ

j�1

Ξ i j
a Ti j , Ξ i j

a �
m̧

b�1

ņ

k�1

ņ

l�1

ha b g
i k gj l Ξb

k l .

Using our derivation above

Ξa
i j �

$'&
'%
1 : a P r1, ns ^ a � i � j
1
2α : a P rn� 1,ms ^ tia, jau � ti, ju
0 : otherwise

,

Ξ i j
a �

$'&
'%
1 : a P r1, ns ^ a � i � j

α : a P rn� 1,ms ^ tia, jau � ti, ju
0 : otherwise

,

where tia, jau is the Voigt-ordered pair of indices for a and sets are unsorted. The factor
of a half comes from the double-counting of o�-diagonal symmetric elements.

By the nature of its construction, Ξ is self-inverse,

ņ

i�1

ņ

j�1

Ξa
i j Ξ

i j
b � δab ,

m̧

a�1

Ξa
i j Ξ

k l
a � 1

2

�
δki δ

l
j � δli δ

k
j

	
,

and the inverse Voigt transform is given by the same tensor,

T i j �
m̧

a�1

Ξ i j
a T̃ a , Ti j �

m̧

a�1

Ξa
i j T̃a .

3 Three dimensions

In the case of n � 3 and using standard Voigt ordering (2 3, 1 3, 1 2),

i4 j4 � 2 3 , i5 j5 � 1 3 , i6 j6 � 1 2 .

Our basis vectors are

f⃗1 � e⃗1 b e⃗1 , f⃗4 � α pe⃗2 b e⃗3 � e⃗3 b e⃗2q ,

f⃗2 � e⃗2 b e⃗2 , f⃗5 � α pe⃗1 b e⃗3 � e⃗3 b e⃗1q ,

f⃗3 � e⃗3 b e⃗3 , f⃗6 � α pe⃗1 b e⃗2 � e⃗2 b e⃗1q ,

f⃗ 1 � e⃗ 1 b e⃗ 1 , f⃗ 4 � 1
2α

�
e⃗ 2 b e⃗ 3 � e⃗ 3 b e⃗ 2

�
,

f⃗ 2 � e⃗ 2 b e⃗ 2 , f⃗ 5 � 1
2α

�
e⃗ 1 b e⃗ 3 � e⃗ 3 b e⃗ 1

�
,

f⃗ 3 � e⃗ 3 b e⃗ 3 , f⃗ 6 � 1
2α

�
e⃗ 1 b e⃗ 2 � e⃗ 2 b e⃗ 1

�
.
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The tensor coe�cient transformation rules are

T̃ 1 � T 1 1 , T̃ 4 � 1
α T 2 3 ,

T̃ 2 � T 2 2 , T̃ 5 � 1
α T 1 3 ,

T̃ 3 � T 3 3 , T̃ 6 � 1
α T 1 2 ,

T̃1 � T1 1 , T̃4 � 2αT2 3 ,

T̃2 � T2 2 , T̃5 � 2αT1 3 ,

T̃3 � T3 3 , T̃6 � 2αT1 2 ,

and the Voigt transform multi-spaced tensor is

pΞa
i jq �

�
�
�
�1 0 0
0 0 0
0 0 0

�


�
�0 0 0
0 1 0
0 0 0

�


�
�0 0 0
0 0 0
0 0 1

�


�
�0 0 0
0 0 1

2α
0 1

2α 0

�


�
� 0 0 1

2α
0 0 0
1
2α 0 0

�


�
� 0 1

2α 0
1
2α 0 0
0 0 0

�


�

 ,

with the major column expressing the a index.

The metric on W is

pha bq �

�
�������

g1 1 g1 1 g1 2 g1 2 g1 3 g1 3
g1 2 g1 2 g2 2 g2 2 g2 3 g2 3
g1 3 g1 3 g2 3 g2 3 g3 3 g3 3

2α g1 2 g1 3 2α g2 2 g2 3 2α g3 3 g3 3
2α g1 1 g1 3 2α g1 2 g2 3 2α g1 3 g3 3
2α g1 1 g1 2 2α g1 2 g2 2 2α g1 3 g2 3

2α g1 2 g1 3 2α g1 1 g1 3 2α g1 1 g1 2
2α g2 2 g2 3 2α g1 2 g2 3 2α g1 2 g2 2
2α g2 3 g3 3 2α g1 3 g3 3 2α g1 3 g2 3

2α2 pg2 32 � g2 2 g3 3q 2α2 pg1 3 g2 3 � g1 2 g3 3q 2α2 pg1 3 g2 2 � g1 2 g2 3q
2α2 pg1 3 g2 3 � g1 2 g3 3q 2α2 pg1 32 � g1 1 g3 3q 2α2 pg1 2 g1 3 � g1 1 g2 3q
2α2 pg1 3 g2 2 � g1 2 g2 3q 2α2 pg1 2 g1 3 � g1 1 g2 3q 2α2 pg1 22 � g1 1 g2 2q

�
������


.

For the common case of V � R3 and pgi jq � I3, we get

pha bq �

�
�������

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 2α2 0 0
0 0 0 0 2α2 0
0 0 0 0 0 2α2

�
������


,

which in general is not equal to I6. Thus whilst indices on T can be raised or lowered
`freely,' the same is not true for T̃ and care must be taken to ensure only covariant and
contravariant indices are contracted together.
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4 Solid mechanics convention

In solid mechanics it is typical to take α � 1, denote the contravariant Voigt transform
as `stress-like', and the covariant Voigt transform as `strain-like'. In this setting many
authors do not properly keep track of raised/lowered indices and instead ensure that any
contractions in Voigt notation take place between a stress-like transformed tensor and a
strain-like transformed tensor. As such, stress σpi jq, sti�ness cpi jq pk lq, and piezoelectric
coupling ei pj kq transform stress-like; whilst strain ϵpi jq, compliance spi jq pk lq, and piezo-
electric coupling di pj kq transform strain-like.

For reference, �
�������

σ̃1

σ̃2

σ̃3

σ̃4

σ̃5

σ̃6

�
������


�

stress

like

�
�������

σ1 1

σ2 2

σ3 3

σ2 3

σ1 3

σ1 2

�
������


,

�
�������

ϵ̃1
ϵ̃2
ϵ̃3
ϵ̃4
ϵ̃5
ϵ̃6

�
������


�

strain

like

�
�������

ϵ1 1
ϵ2 2
ϵ3 3
2 ϵ2 3
2 ϵ1 3
2 ϵ1 2

�
������


,

�
��������

c̃1 1 c̃1 2 c̃1 3 c̃1 4 c̃1 5 c̃1 6

c̃2 1 c̃2 2 c̃2 3 c̃2 4 c̃2 5 c̃2 6

c̃3 1 c̃3 2 c̃3 3 c̃3 4 c̃3 5 c̃3 6

c̃4 1 c̃4 2 c̃4 3 c̃4 4 c̃4 5 c̃4 6

c̃5 1 c̃5 2 c̃5 3 c̃5 4 c̃5 5 c̃5 6

c̃6 1 c̃6 2 c̃6 3 c̃6 4 c̃6 5 c̃6 6

�
�������


�

stress

like

�
��������

c1 1 1 1 c1 1 2 2 c1 1 3 3 c1 1 2 3 c1 1 1 3 c1 1 1 2

c2 2 1 1 c2 2 2 2 c2 2 3 3 c2 2 2 3 c2 2 1 3 c2 2 1 2

c3 3 1 1 c3 3 2 2 c3 3 3 3 c3 3 2 3 c3 3 1 3 c3 3 1 2

c2 3 1 1 c2 3 2 2 c2 3 3 3 c2 3 2 3 c2 3 1 3 c2 3 1 2

c1 3 1 1 c1 3 2 2 c1 3 3 3 c1 3 2 3 c1 3 1 3 c1 3 1 2

c1 2 1 1 c1 2 2 2 c1 2 3 3 c1 2 2 3 c1 2 1 3 c1 2 1 2

�
�������


,

�
��������

s̃1 1 s̃1 2 s̃1 3 s̃1 4 s̃1 5 s̃1 6

s̃2 1 s̃2 2 s̃2 3 s̃2 4 s̃2 5 s̃2 6

s̃3 1 s̃3 2 s̃3 3 s̃3 4 s̃3 5 s̃3 6

s̃4 1 s̃4 2 s̃4 3 s̃4 4 s̃4 5 s̃4 6

s̃5 1 s̃5 2 s̃5 3 s̃5 4 s̃5 5 s̃5 6

s̃6 1 s̃6 2 s̃6 3 s̃6 4 s̃6 5 s̃6 6

�
�������


�

strain

like

�
��������

s1 1 1 1 s1 1 2 2 s1 1 3 3 2 s1 1 2 3 2 s1 1 1 3 2 s1 1 1 2

s2 2 1 1 s2 2 2 2 s2 2 3 3 2 s2 2 2 3 2 s2 2 1 3 2 s2 2 1 2

s3 3 1 1 s3 3 2 2 s3 3 3 3 2 s3 3 2 3 2 s3 3 1 3 2 s3 3 1 2

2 s2 3 1 1 2 s2 3 2 2 2 s2 3 3 3 4 s2 3 2 3 4 s2 3 1 3 4 s2 3 1 2

2 s1 3 1 1 2 s1 3 2 2 2 s1 3 3 3 4 s1 3 2 3 4 s1 3 1 3 4 s1 3 1 2

2 s1 2 1 1 2 s1 2 2 2 2 s1 2 3 3 4 s1 2 2 3 4 s1 2 1 3 4 s1 2 1 2

�
�������


,

�
��
ẽ1 1 ẽ1 2 ẽ1 3 ẽ1 4 ẽ1 5 ẽ1 6

ẽ2 1 ẽ2 2 ẽ2 3 ẽ2 4 ẽ2 5 ẽ2 6

ẽ3 1 ẽ3 2 ẽ3 3 ẽ3 4 ẽ3 5 ẽ3 6

�
�
 �

stress

like

�
��
e1 1 1 e1 2 2 e1 3 3 e1 2 3 e1 1 3 e1 1 2

e2 1 1 e2 2 2 e2 3 3 e2 2 3 e2 1 3 e2 1 2

e3 1 1 e3 2 2 e3 3 3 e3 2 3 e3 1 3 e3 1 2

�
�
 ,

�
��
d̃1 1 d̃1 2 d̃1 3 d̃1 4 d̃1 5 d̃1 6

d̃2 1 d̃2 2 d̃2 3 d̃2 4 d̃2 5 d̃2 6

d̃3 1 d̃3 2 d̃3 3 d̃3 4 d̃3 5 d̃3 6

�
�
 �

strain

like

�
��
d1 1 1 d1 2 2 d1 3 3 2 d1 2 3 2 d1 1 3 2 d1 1 2

d2 1 1 d2 2 2 d2 3 3 2 d2 2 3 2 d2 1 3 2 d2 1 2

d3 1 1 d3 2 2 d3 3 3 2 d3 2 3 2 d3 1 3 2 d3 1 2

�
�
 ,
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5 Mandel notation

In Mandel notation, or ortho-normal representation, α � 1{?2 and phi jq � Im with
covariant and contravariant transforms identical. This might have been a nicer convention.

6 Penrose diagrams

Voigt transforms can be depicted in Penrose tensor diagrams with the multi-spaced tensor
Ξ at the junctions, as given in Fig. 2.

Covariant

Voigt transform

Contravariant

Inverse

Voigt transform

Covariant

Inverse

Voigt transform

Contravariant

Voigt transform

Figure 2: Voigt transforms in Penrose tensor diagrams. Solid lines represent indices of
vector space V , whilst dashed lines represent indices of vector space W . The wiggly edge
alludes to the index pair being symmetric.
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