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Voigt notation is a common method, particularly in solid mechanics, for expressing sym-
metric tensors as a lower order tensor. As a basic example, it produces the mapping
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For a simple look-up reference of the standard convention, see Sec. 4. However, for a
deeper understanding, this tutorial details the mathematical foundation of Voigt notation
to expose it subtleties [2]. In particular, it should be noted that even if the original space is
described by an identity metric, the ‘Voigt space’ metric is not necessarily also the identity,
and care needs to be taken when performing contractions or raising/lowering indices.

1 Tensors

First, let us quickly review tensors. Starting with a vector space V of dimension n over
field F with basis {€;}" 1, and its dual space V* with basis {€"}' ;, we define the tensor
space T¢ (V') of contravariant order p and covariant order ¢ as the set of tensors (multilinear
maps)
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We define the metric for V' as
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2 Voigt transform

A Voigt transform on a pair of symmetric tensor indices reduces it to a single index,
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where W, of dimension m = ”2;”, is a linear subspace of V ® V, has basis {f,;}g”:l, and
metric h. Parentheses denote symmetrization T(; ;) = %(le + T};), which is simply T; ; if
already symmetric. For a faithful Voigt representation, we require that the tensors provide

an equivalent mapping,
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where expressions filling in the corresponding ellipses are unchanged.
In order to proceed we define a general relationship between basis vectors f(; and €,

T = €y ® €y : a€e[l,n]cZ
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where i, # j, are determined by a Voigt ordering convention (see Sec. 2.1). Putting this
into (1) we discern
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We now wish to impose that contractions behave properly in Voigt notation, i.e.
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Expanding this out we determine the rules for covariant tensor elements to be
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The dual basis vectors are thus
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With these mappings we can also derive the metric h on W to be
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2.1 Ordering

The matching of tensor indices to their Voigt counterpart follows a spiral pattern, starting
along the diagonal, then going around the upper right triangle of the symmetric tensor.
An example for n = 5 is given in Fig. 1. This provides the mapping a < {ig, ja}-
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Figure 1: Voigt ordering for a 5 x 5 symmetric tensor.

2.2 Multiple pairs

Tensors with multiple pairs of symmetric indices can have each Voigt transformed. For
example, the transformation rules for 709 (k1) Tab are
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A complete Voigt transform on a tensor, with all pairs of indices symmetric, maps 77(V) —

TP2(W).

2.3 Multi-space tensor representation

Voigt transforms can be represented by a multi-space tensor that acts of different vector
spaces. In particular, the contravariant Voigt transform is performed by
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such that
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The vector space V has dimension n and metric g, whilst the vector space W has dimension

m = L;" and metric h. Thus, the covariant Voigt transform is
T,=) YT, =300 Y havgF g Y
=1 j=1 b=1 k=1 I=1
Using our derivation above
1 : ae[l,njra=i=j
B =1 a€n+1,m] A {iq, jo} = {i,5} ,
0 otherwise
1 : a€e[l,n]ra=i=j
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where {i4, jo} is the Voigt-ordered pair of indices for a and sets are unsorted. The factor
of a half comes from the double-counting of off-diagonal symmetric elements.

By the nature of its construction, E is self-inverse,
n n
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and the inverse Voigt transform is given by the same tensor,
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3 Three dimensions

In the case of n = 3 and using standard Voigt ordering (23,13,12),

14Ja =23, 1575 =13, 66 = 12.

Our basis vectors are
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The tensor coefficient transformation rules are
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and the Voigt transform multi-spaced tensor is
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with the major column expressing the a index.
The metric on W is
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For the common case of V = R3 and (g;;) = I3, we get
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which in general is not equal to Ig. Thus whilst indices on T' can be raised or lowered
‘freely,” the same is not true for T" and care must be taken to ensure only covariant and
contravariant indices are contracted together.



4 Solid mechanics convention

In solid mechanics it is typical to take a = 1, denote the contravariant Voigt transform
as ‘stress-like’, and the covariant Voigt transform as ‘strain-like’. In this setting many
authors do not properly keep track of raised /lowered indices and instead ensure that any
contractions in Voigt notation take place between a stress-like transformed tensor and a
strain-like transformed tensor. As such, stress oy, ;, stiffness c(; ;) (x1), and piezoelectric

coupling €; ;1) transform stress-like; whilst strain €

electric coupling d; (j1) transform strain-like.

For reference,
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5 Mandel notation

In Mandel notation, or ortho-normal representation, o = 1/4/2 and (h;;) = I, with
covariant and contravariant transforms identical. This might have been a nicer convention.

6 Penrose diagrams

Voigt transforms can be depicted in Penrose tensor diagrams with the multi-spaced tensor
= at the junctions, as given in Fig. 2.
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Figure 2: Voigt transforms in Penrose tensor diagrams. Solid lines represent indices of
vector space V', whilst dashed lines represent indices of vector space W. The wiggly edge
alludes to the index pair being symmetric.
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