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The lowest-order non-trivial approximation to most anything is a harmonic oscillator.

1 Definitions

The Hamiltonian for a quantum simple harmonic oscillator is
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As observables, the position and momentum operators are Hermitian, 27 = % and p = p.

In opposing bases we have
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2 Commutator relations

Some basic commutator identities are
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The below are proved in Sec. C,
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3 Vacuum state

The vacuum state is defined by
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3.1 Expectations

In position-momentum phase-space,

(£)=(0]2]0)=0, as=\J01210 - 01107 =/ .

hAmQ

(p)=(0|ploy=0, Ap=\/<0|p2|0>—<0|p10>2= =,

2

The vacuum state therefore minimizes the uncertainty AX Ap = h/2.

The vacuum standard deviations are known as the zero point fluctuations,
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4 Fock states

Fock states are eigenstates of the number operator, and energy eigenstates,
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They can be constructed with
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4.1 Expectations

In position-momentum phase-space,
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4.2 Wavefunctions

The wavefunction for Fock states in the position basis, 1,,(x) = (x | n), can be found by solving
the time-independent Schrodinger equation,
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Figure 1: Quantum simple harmonic oscillator Fock state wavefunction plots.

Solutions to this differential equation are parabolic cylinder functions, of which only one with
non-negative integer n is integrable, and can be related to Hermite polynomials [1],
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Plots of the first five wavefunctions are shown in Fig. 1.

4.3 Unitary transforms
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5 Coherent states

Coherent states are eigenstates of the annihilation operator,
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(a

atala)=|af® .

They can be constructed with the unitary displacement operator,
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5.1 Expectations

In position-momentum phase-space,
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Coherent states therefore minimize the uncertainty AX Ap = /2.
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Figure 2: Quantum simple harmonic oscillator coherent state probability time evolution.

5.2 Wavefunctions

The wavefunction for a coherent state is
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Coherent states are not stationary (they are not eigenvectors of the Hamiltonian) and evolve
according to
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but remaining a coherent state.

Plots of a coherent state probability distribution evolving in time are shown in Fig. 2.

5.3 Unitary transforms

Using (5) and (6),
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6 Squeezed states

Squeezed vacuum states can be constructed with the unitary squeezing operator,
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where R[/¢/¢*| = cos[£¢], the cosine of the complex argument. For purely real squeezing,
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6.2 Unitary transforms

Proved in Sec. C,
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7 Classicalization
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For the annihilation operator,
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9 Heat bath with RWA
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Coupling a harmonic oscillator to heat bath and applying the rotating-wave approximation
(RWA) produces a framework for quantum input-output in terms of the resonator’s square-

root number amplitude a.



We can model an idealized bath with a set of independent harmonic oscillators
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9.1 Equation of motion

The time-derivative of Bq(t) is
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At this point, we need to make some approximations to continue. We will assume that our heat
bath is Markovian - that is the correlation time between the bath and system, t;,,, is much less
than the system’s relaxation time. For a resonator, this means

27 20

Tint ~ Q < Q = Tdecay >

which will be true for a sufficiently high quality factor resonator. In this case, coupling to the
bath is only important over a narrow bandwidth around Q, over which x is approximately
constant, and we can use a Markovian effective spectrum,
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noting that by, () has units of y/number/time. The Markovian approximation introduced §(t—
t"), removing the dependence of d(t) on earlier times from the bath interaction.

Defining y = —2 7 x2, such that y has units of time ™", we get the quantum Langevin equation
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Comparing (20) with (21) we obtain
Bout(t) - Bin(t) = \/Fd(t) .

For Hyys = h Q (dT a+ %),
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9.2 Ports
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Multiple heat baths can be used to model different independent ports to an interposed system.

For a set of ports, P, with couplings Yps
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9.3 Fourier transform

The Fourier transforms (see Sec. B) of a simple harmonic oscillator, (24), are
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Or, for multiple ports is
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Note that d(t) has units  number, and d(w) has units Y number X time.

9.4 Fock-state bath

From the definition (19) of b;,(t) and b (t), if the baths are in Fock states (e.g. thermal or
vacuum), the input and output spectral densities are
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If we split a coherent signal into classical and quantum-fluctuation parts, by, (t) = be '“Lt 4
db;,(t), the number operator is
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Using the vacuum fluctuations (n = 0) spectral densities from (26), the number spectral den-
sity is
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which is the spectral density for biT0 b, ~ Poisson“b‘ ] i.e. shot noise.

9.5 Thermal bath

We can derive the thermal spectrum for a quantum simple harmonic oscillator by analyzing
it in equilibrium with a thermal bath. Our Hamiltonian is

A= hQ(aTa+ ) Zhwqbgbq+2h( abj+x,atby),
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and we will denote the time-evolution operator for H, as U, (t), such that

Moving to the interaction picture we get the unitary transform, new Hamiltonian, and time-
evolution,
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Now,

t
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by integrating, the fundamental theorem of calculus, and U;(0) = 1. Applying this to [i(to))
we can create a Dyson expansion
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and for extremely short times get away with only using the first two terms in the second ex-
pansion.

Let us now split ) = |1,bsys, Dpath)»> and let [1(t)) = |1, Ypam) Where the oscillator has occu-
pation n and the bath is in some state. The probability amplitude of the oscillator gaining, or
losing, a quanta (and the bath being in an arbitrary state) after some short time ¢ is
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Substituting these in,

(£ 1900 | Uit = to) | 1 an )
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where we have used the continuum approximation and (19).

The probability of the oscillator gaining a quanta (and the bath being in any state) is thus
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Similarly, the probability of the oscillator losing a quanta is
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Using the Markovian approximation to assume our bath auto-correlations are extremely short,
we can expand the 7 integration to (—oo, 00), obtaining

t [«
Pona ¥t D1 [ [ €07 (B, 0)bu’ + ) dra
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Computing the rates of increase and decrease then,
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The probability flux for a certain occupation level is

d
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= nFT H:Dn_l +(n+ 1)Fl [I:Dn+1 —nl"i Ipn —(n+ 1)FT Pn .

The average occupation level, and rate of change, is
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Note that I') — I’y = |y| which we might expect from
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In thermal equilibrium we have

d 'y na+1
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or equivalently, we have detailed balance,
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Our resonator obeys quantum Bose-Einstein statistics in thermal equilibrium,

1
hQ(n+E)

Y] _hnlfngi) 1 hQ e_—kBT ) 1
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with average energy
d _ 1 hQ hQ
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In the limit of 4 — 0 or kg T > h w this energy goes to kg T. Thus,
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Using the Fourier transform, (25),
71 S6,6,(@) V185,50  pyna

Saa(w) =

I’ 2l 2 b 2’

T+(C()—Q) T+(C()—Q) T‘l‘(C()—Q)

when y is sufficiently narrow such that SBian(w) is approximately constant near w = Q. This
is a two-sided spectrum but not symmetric. The total ‘power’ is

o0

_ 1 _
|Cl|2 = ﬁ de(w)dw=n.

Performing the analysis of quanta jump probabilities and detailed balance with the alternative
ordering by, B:n yields

SB+B‘T(—Q)=7_1+1,

and
71856, ) S5, CD i+
SdeT(—CU) = 3 5 ~ 3 > = > 5 .
Di@-9" Liw-0" Liw-0)
Furthermore, the bath spectral densities are related by
Sg gt (=) = Sp, g, (@) +1. (28)

m m

The Markovian approximation for our heat bath dictates that the auto-correlation function is
essentially R; 5 (1) = 8(1) o?, for some constant o2, which in turnsets Ry 5+ (t) = 6(1) (0% + 1).

This implies the spectral densities are constant (white-noise), Sp. b, = o2

02 4+ 1 = A + 1, matching the form of (26).

This analysis uses random fluctuations in cavity amplitude (occupation) rather than random
fluctuations in a driving force as is common by other authors [2-6], and furthermore uses
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the rotating-wave approximation for bath coupling, (17). It is only valid for sufficiently high
quality resonators, Q > 10. Note that at high temperatures,
1 kg™

h_Q ~Y hQ .
eksT — 1

kT > hQ = n=

Within this rotating wave approximation, we get
_1
nlyl (7+3)

2mQ ((w—Q)2+%> ’

Siz(w = Q) = (29)

where S(w) = % (S(w) + S(—w)) is the symmetrized spectral density.

If there are multiple (thermalized) ports, each provides S;in;n(Q) = 71, and couples with y;,
such that the total energy remains the same.

9.6 Without rotating wave

Without the rotating wave approximation [6? |, the mechanical susceptibility is

()_fc(a))_ 1
A T Flw) m(@-w?-iwy)’

(30)

and Sy (w) = |)((co)|2 Sgp(w). In terms of input operators, F' = /2y piy.

9.6.1 Fluctuation-dissipation

For a thermal force, the fluctuation-dissipation theorem [2] gives

Sis({w, —w}) =20 (7 +{1,0}) §[x(w)] ,

Sest@) = 20 (1 + 3 ) S[x@)].
With
Se:(®) Slx@)] _
Spp(@) @

Ix(@)* =

we can solve

Sgp({w,—w}) =2hmwy (7 +{1,0}),
5 _ 1
Spp(w) =2hmwy (n + 5) .
The dissipation is

2
7 = 2 (3¢p() = Spr(-0) -
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Figure 3: Comparison of S, with and without the rotating wave approximation.

9.6.2 Comparison

Here, we have, using (30),
2hyQ (7 +1)

Sexlw~ Q) = )
* m (w2 — Q)2 + w2 y2)

A qualitative comparison to the rotating wave approximation result, (29), is plotted in Fig. 3.

In both cases, the thermal input is

_ 1
Spinpin(Q) =hmQ (l’l + E) .

10 Coherent drive

A forced harmonic oscillator can be realized be adding a term F(¢) X to the Hamiltonian. In

ladder operator formalism the most general expression is
Hdrive = f(®) a' + fra.
If our drive is coherent, then f(t) « e '“L! and our Hamiltonian is

A 1 . .
H(t) = hQ<aTa+ §>+hLdTe—1th L hL*aeiot

——e y
Hurive

A

sys

The Schodinger operator for (31) has coherent state eigenstates,

AL, d i Q s
(H_lhE> |Cfoe ”"Lt>:h<5—|0{0|2 (Q—COL)> ’C(Oe 1th> . xy =

Driving on resonance without any loss will explode our resonator.

18

Q — oy,

(31)

(32)



10.1 Equation of motion

The equation of motion for @, including heat baths, is

Caw D -i0aw - Mo -iLeion = 3 Y7600 (33)
pEP

If the drive contributes to loss, it can take the place of one of the ports,
V7B = iLeient

Relating to input power, we deduce

Av A P
Py =haoy (BPT O BRO) = L = [yl .
L

10.2 Steady-state

With only a single coherent drive and b;,(t) = 0, a steady-population solution to (33) exists,

A —iL e—icoLt
astd(t) =

[T/ ’
2

with 4 (1) dga(0) = la)”

10.3 Rotating frame

The rotating frame can be used to take the coherent drive time dependence out of the Hamil-
tonian. Without heat baths, for unitary transform

Upoe(t) = e-ir @ a+1/2)t [$rot(D) = UL, (1) [$(0))
~ 1
Ao Z h(Q - ) (a*a + 5) +hLa' +hLl*a.

If heat baths exist, they can be rotated together with minimal consequence,

A : i BT D A
Upoe(t) = e~ier (@ ar1/2t TT emlanbyby ot (D) = UL, (0 [(D))
q

A 38 . 1 PPN A D PN
Flro; (=)hAQ<a'a+5)+hLaT+hL*a+ZhAwqbqbq+Zh(xqab;+xanbq) ,
q q

with AQ = Q — wp and Aw; = wg — wy. The equation of motion is then

d, GD . vl . i
aarot(t) = —1AQ arot(t) - Tarot(t) —1L— 2 vV J/p bf;t,p(f) .
pEP
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10.4 Fluctuating frame

The fluctuating frame can be used to analyze fluctuations about a steady state. For a single
drive,
T N A5 e—iwpt = —iL
One() = Dlay 1], ay = T [Baue(0)) = Ug, (0 [9(0))
i(Q—w)+ —

N 38 1 . .
A 2 hQ(ATa + 2) +h@-wp) (aeetat +areetatal)

+h(Le'eta’ + Laf + L* e’ '+ L* ay)

A SN * = —iaopt [T oAt A% alopt
+Zh(wqbqbq+quqa+1cqaLe Libg +xgbg " +xgaf e'“r bq).

Following a similar procedure to Sec. 9.1, the equation of motion is then

L e = -1 Qa0 ~ W ag0) - 3 y7, 620 (34)

d =,

If there are multiple drives, it is possible for the simple harmonic oscillator to displace some
or all of them out (See Ref. [7] Sec. 1.6).

10.5 Noise-drive approximation

If white-noise is incident on our resonator, and y is sufficiently narrow, we can make a crude
approximation of the noise as a coherent drive at the resonator frequency.

For white-noise,
SBinBin(w) = 02 ’ Bin(w) =0,
the filtered spectrum, and total ‘power’ is

lyl o 1 (" lyLl
Saa(@) = ————— = o Spa(@)dw =27 22 g2
(- Q)2+ 7 T Jco 71
4

For a coherent drive,
2

- - L
V7L bin(t) = iLei01, S5 (@ >_'| ||2715(a) Q.
149
the filtered spectrum, and total ‘power’ is
27 L) 8(w — Q °° 4 |LI?
Saa(@) = 7L ot 2), %f Spa(w)dw =27 I
(w—Q)2+% T o 71

Matching the filtered powers, we find

RURZ
_ Ve,
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A General quantum mechanics

A.1 Commutators

i=1 j=1
[%,A(t)] = (%A(t)) . (35)

psl
o
=
(@
Il
a
(2
o
=
(=N
(@
s
Il
(@
|
QD
it
I
|
(%

- Sil-[[achel o] o
1
If G is infinitesimal, AA = [A4, G| + O[G?].

A.3 Schrodinger equation

The time-dependent Schrédinger equation is

ih < [y = A0 [HO)

A.4 Equations of motion

For a Hamiltonian, H(t), with unitary time-evolution operator

Loty a4
U(t) = Ten/ O
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let
u[A] —UT(OAD®),

such that the Heisenberg-picture operator is related to Shrodinger-picture operator as Ay =
U[Ag]. The Heisenberg equation of motion for an operator A is then

Sula] =[u[a) —uln]| + | $4| = u|[4 18]+ u| 5

iAl . (37)

For a time-independent Hamiltonian,

%H:o S U =er

ne ula|=A.

A.5 Unitary transforms

Under a unitary transform
WO =0T ORO) > BO=00(A0-1h5) 00, (39)
such that
ih < W©) = FOPO)

This is equivalent to performing a change of basis.

A.6 Derivative operator

Within a quantum mechanics inner-product,

a

9f=-4. (39)
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B Fourier transforms

Define Fourier transforms on f as

1 <
Aol = f@) = = [ et faar,
V 27 J-o0
1 (7
P = £ = = [ e o,
V 27 J—o0
with
f@© =@, fl@) = f*(-w).
B.1 Dirac delta
The Dirac delta distribution obeys
f e XVdx =278[y], (40)
x>y -
[ stx =y stxlax = o1, (41)
X<y
y
[ stx=yisixiax= sy, 42)
X<y
for y € R. Dirac delta has units inverse to its argument.
B.2 Heaviside theta
The Heaviside step function is
0 : x<0
O[x] = % tx=0, (43)
1 x>0
such that
d X
Lot =, olxl = [ shvley.

B.3 Other integrals

For {y,z} C R,

* 2
e-ixy-zidl gy = —Z£_
- y? + 22
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C Proofs

Proof of (3).
[a,(a")"] = @M1 +a' [a,(@")" ]
= Dahy-
i=1

= n(dT)n_l H

Proof of (4).
[a%,a"] = —a"1 +a [af,a" ]
- _ Z an—1
i=1

= —na*t.

Proof of (5).

—
(o}
a

[S]
Q
>,
|
I
DM
_:| IS
—
>
~
[}
.
=
e

~
Il
o

~.

-
Il

=
M
~.| Q
/\h‘
[

>
—.

L

Il

Q
Ms ©
=g

A Tyi—1
a
o (- 1)!( )
=a ), F(a*y
j=0 "
= qead'
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Proof of (6).

o—at* a Z( a ) ]
©) (- oc*)’ —i) gi-1
X
_ g Z( a*)l 1
- i
S (Y
%

=qfe™?,

Proof of (7).

—~i k)
eika'a ge-ika'a @ g 4 (i) [a,ata]+ & 2)

(—ik)* .
> a+

~

2 a+(-ika+

—-ik

~

Il
S

(S

Proof of (9). First, we will need the displacement operator in X and p,

D[O{] — ¥ a'—a*a

m—Q(a—a*)fc— ! (a+a*) p
=gV 2h Vanma p

_ e—}‘ (a—a*) (a+a®) e\/g(oc—a*)fc e__T:mo (a+a*) p
_ o—iR[@Sla] (V5 Slal € i/ e Rlalp
Now

(x|a)= <x’f)[oc]|0>

_ / 5(x — x') e Rlal Sal ¢l 22 Slaly ;—Z%[a]ﬁ%(x/) A’
_ f s — ) (m;)) ST ) (i)
—o0
_ (m_;2>z eiS[a](,/Mx m[a]) (@x—ma]f,
T

using e’ %f(x) = f(x +a).
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Proof of (10).

() = e 71D (g0

C ks 2 RN
— e—lQ(a*a+1/2)(t—t0) e—|a0| /2 Z 0 |n)

o —1Q 1)\
— e-iQ(—10)/2 g~|ao|*/2 Z (ape ) )

n=0 \/?

— e-iQ(t—10)/2 |a0 SCIE

Proof of (11). Let us denote
At) = qpe i@t gt — ag el%%lqg = Dlage %! = Al
and compute

(%A(t)) = — iwa (aO e—icuat d" + c(g eicuat d) ,
[(%A(I)> ,A(t)] = —iwg (dpe @l alei®! [a7,a] — af el qpeient [a,47])
=2iw, |oco|2 .

Then,

Dlay e i@xt]f <—ih %)f)[ae e iwal]
Gy ..d .. [d 4 in[[d - R
= —lha—lh[a,A(l’)] —7 [[a,A(t)],A(t)]

-2[[& 0] o]

. d o d . 2
—1hd—t—1h<d—tA(t)>—hwa g +0

.. d oot A ot A 2
—1ha — ha, (ocoe_”"ataT +ayel®a+ |a) )

Proof of (12).

_n

<§ 2mQ <0

2[¢)=
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Let

[aa,G]= -¢A, [a"a,G]= -8B,
[aTa’,G)= —¢* A, [aa’,G]= - B,
[A,6] = -28, [B,6]= -2 KA.

To use the Baker-Campbell-Hausdorff equation (36), compute

[aa+a"a"+A,G]= —2RA-2B=C,,
[C,G] =4RB+4 (" A=0C,,
[C1,G]= —8R | A-8|¢|" B=Cs,

(€5, 6] =16R (" B+16 ¢' A=C,,

2 (RA+B)+ 2 (RE+f A)
—i—j(R K A+ ¢l B)+i—‘;(R K B+|¢[ A)+--- .

When taking the vacuum expectation, only terms of 4 4" € A survive with

(0|Alo)=0+(0|aa"|0)=1.
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Thus,

1210 =55 (1—2R+—|§‘| R|§| z |§l4+---)
h QEp’ . eEp' . e’
_2m9(1+ |2|| L,' '6'| )
h QERp’ . e
2m—ﬂlﬂ( e

hg (cosh[2 [¢] = R[y/¢/¢*] sinh[2 £]])

O
Proof of (13). Using (3) and (4),
(36) , 2 4, 1 4 ,
ST as1e1  a+ (=¢at) + o (1 @) + 5 (- ¢at)+ 3 (k1" @) +
~ a cosh[|¢[] - &' M | sinn[j) .
0l
Proof of (15).
[%,p%| =2ihp, [p,%%] = —2ihz%, (44)
N i~ s "2
eﬁHtﬁe_ﬁHt(§)2+lﬁ,%;—ml+
@t +1 o —itmQ*®?
- m P m? 2
CEPUN SO RSP B S i SUVe DRED SV
—x+mp+2( th)+6< 5D +24(th)+
_ ¢ b
=X cos[Qt] + — sin[Q¢] .
mQ
O
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Proof of (16).

T

1 1
2\ — 1im — 24t = =
(cos[Q1] >'f = Th_{loqo T) cos[Q t]% dt
T R N L
(sm[Q t] >t = Thm = sin[Q¢t]*dt = =,
—>00 0
e
(sin[Qt] cos[Qt]), = Tlim = sin[Qt] cos[Qt]dt =0.
—>00 0

((OF 2(t + T))t = (%% cos[Q ] cos[Q (¢ + ‘L')]>t + <% cos[Q ] sin[Q (¢ + T)]>t

pZ

+ <% sin[Qt] cos[Q(t + T)]>t < 202

sin[Q t] sin[Q (¢ + T)]>

t

= (%?) (cos[Qt]?), cos[Q 7] - (*?) (cos[Q] si [Qt])t sin[Q 7]

(s
. (o

<m§§22> (sin[Q 1] 2> cos[Q 7] + <mez> (sin[Q t] cos[Qt]), sin[Q ]

—+

<nfip > (cos[Qt] sin[Q¢]), cos[Q 7] + > (cos [Qt]? sin[Q 7]

> (sin[Q 1] 2) sin[Q 7]

+

<n€§2> (sin[Q ] cos[Qt]), cos[Q 1] —

+

N2

_1 ) l fCﬁ—ﬁfc> .
=3 <x + -~ Q2> cos[Q 1] + > <—mQ sin[Q 7]

<H>2 cos[Q 1] +

! hQ sin[Q 7]

mQ

N e 1 iQr)
= mQ(<a a)y cos[Q7] + Se )

Alternatively,

(15) 7] < : .
x(t) = atel®t 4 de_lm> )
) 2mQ
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(O 2t +1)), = ZmLQ ((aT a) 197 4 (aa") eiQr)

= ,ZQ (COS[Q t]((a* a) + (aa")) +isin[ar] ((aa) - (a' a)))

=75 (cos[Q t] (2 (ata)+ 1) + 1 sin[Q t])

At A J
= —Q(<aT a)y cos[Q1] + 5e197> .
O

s = 1 Q (dT a+ é) In the interaction-picture with U(t) = e~ Mo HHhban)

Proofof (17). ForH,
U[Ain| = 0O B U0
= Z Rentost (Kq at + X a) e syt o Hoan (B(I] + Bq) o i Hbatn ¢
q
7 . . o .
@ Doh(xgal e 41 aeiOf) (b; e’ +b, e_”"q‘)
q
= Z h(;c;‘ a Bq e 1 (@+ag)t 4 K, a Bg e 1 (Q-wg)t
q
+1xg " by el @@ 4, at b el (Q“"q”) :

1

To make the rotating-wave approximation, average over short timescales T' ~ 5
-

+wg

U[ | % 3 (i 4B e @) 4 at by eiO-a)
q

Proof of (19).

[Bin(t)’ Bin(t,)%] — % / / e—iw(t—to) eiw’ ' —to) [B(CO, tO)’ B(a)/, tO)T] dowda’

— L f f e—iw(t—t0)+ia)’ t'—to) S(w — wl) dow de’
2m ) o J o

oo
= 1 e—iw(—t") 4o
27w J_

(40)

= 6(t—-t").

(e ]
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Proof of (22).

[Bout(), bout ()] =

Proof of (27).

1 00 oo ., , R R
_f f el =0 =10 (1) [h(w, t;), b(w', t;)] dew de’
27 o J—co
1 (o] [o¢]
1 el m—0-ie' (1) §(g — ') dew deo’
271_[ _/
L/. e 1= qg
27 o
40
(_) S(t—1").

t o
P, ., ~nly| f f emiQr (Bm(t')z;;(t' + r)) drdt’
ty Y—o0

Proof of (26).

R 5 (1) = <® n(w, ty)

Fock

t [+
=nly| f f e107 by, (1), bl (¢ + 7)| dr dt’
ty Y—o0

t (e
+nly| f f emi07 (Bfn(t’ +1) Bin(t’)> dr de’
tg Y—o0

t 0
=n|y| f f el 27 §[r]drdt’
ty Y—o0

t (e
+n |yl / f elr <Bjn(t, -17) Bin(t,)> drdt! : 1T+-> -1
tg Y—o0

=n |yl (¢t =to) (SBmBm(Q) + 1) '

by (0) Bin(t +7)

® n(w, t0)>

w

% f f ei w//(t—fo) e—i o' (t+7—tpy) BT(C()”, tO) B(CO,, to) dCU” dC(),>

f f —1(w -’ (t— t0)> —io't 5(&)” I) l’l(C() tO) de” de’

w

=2L/ e‘lwfn(cu,to)dcu.

(o)
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(o]
SBmB (w) = f RBian(T)eindT

m
Fock

Fock
=__ e 1 (@ =9T p(a! t,) dr dw’
27 o0 J—oo

= / S(w — w')n(a', ty) do’

=n(w,ty) .

bin(0) B (t +7)

RB:I’ b (T) = <® n(co, tO)

mn 1n

Fock @

1 [e%) (o) . ., R A
=524 f f 7191 e (4710) (o, 1) BT 1) deo” A )
o Joco

(o] o0
L </ f e—ia)”(t—to) eico’ (t+7—ty)
27
—00 Y—00

([b(co” to), bT(@’, to)] + BT (", to) b(c', t0)> do! dco>

® n(ow, t0)>

)

f f <el(60 —a") (- to)> 1cu T 5(&)” l) (n(a)’, tO) + 1) de de’

= et 7 (n(w',ty) + 1) do’ .

in " in in"in

Fock —®  Fock

S,;tl;+(co)=f Ryt gt () el®7dr

1 (o9 o0
L f f e @+ (n(w, t,) + 1) dr do
—00 Y=o

f 8(w + ") (n(w', ty) + 1) do’

—00

=n(—w,ty)) +1.

bl (6) bowi(t + 1)

outbout( ) - <® n(w’ tO)

Fock )

® n(w, t0)>

)

= % </ f e_iw"(tl—i) eiw, (t;—t-7) B%(a)u’ tl) B(wl’ tl) do” dw/>
o Y-

1 ©  po0
o / f <ei(w’—w”)(t1—t)> e—ico’r 5w — ') n(w, t) de do’
-0 V—co0

oo

1

=5 e 19T (!, t;) do’ .
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® n(w, t0)>

)

Ryy 51 (0= (e, 10)| Bou®) Byt + )

Fock @

1 (o] (o]
=5x <f f ei@’(t—1) g—ia/ (t;—1-7) b(w”,t;) bT (', t;) de” dco’>

oo (e
=L < f f e (6—1) gid! (6,—t-7)
27\ )

X ([B(w”, (), 1@, 1)] + '@, 1) b, 1y )) de” do )

1 ® ® NN/ )
= ﬁ f f <e—1(w —w )(tl—t)> el@'T 5(0)” _ wr) (n(wl’ tl) + 1) deo’ deo’
_2 oo

=— el 7 (n(e’, 1) + 1) do’ .

Proof of (25). The time-derivative has Fourier transform,

oo

lwfa(t))dt—i iwel®t agr)dr

1 : = .
= —e“‘”d(t)| —iwa(w),
27 ==

a(t) dt

0

where the marked term is zero when our oscillator has a finite bandwidth, thus d(w) is inte-
grable, and by the Riemann-Lebesgue lemma d(t - +o00) — 0.

For the input operator,

bin(w) = el@l by (1) de

F

f f elot g—iw (t=ty) b(a) to) de’ dt

“I
—

el@=Nt dreie’ o ha, t,) dw’

271

= f 5(60—0)) ief [Ob(a),to)da)

= el®h h(w, ) .
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For the output operator,

o0

Bow(@) = —— | 1@t boy(t)dt

27 J-
1 © 0
— E f f elwt glw (t1—t) b(co’, tl)dco’ dt

1 (o] (o]
- ei(w—co’)tdteico’tl NN t)do’
271'_/ / b(o’,t;)dw
—0o0 —o0
(o]

= f S(w — ') el® b, t;) da’

—0o0

== eiwtl B(CU, tl) .

Proof of (28).

Sgi i (~@) = lim (byy (@) by, (~w))

T T
. 1 A A s "_
711_1;1,010 T l L <bin(t,) biln(tll)> e—ia(=t") q¢ "

T T
lim %j(; fo <[Bin(t'), B;rn(t”)]> e 1) 44/ dg"

T—o0

T T
+ lim %l /0. <BiTn(t’) Bin(t”)> e_iw(t'_[//)dt; dr"

T—oo
1 T T )
= 711_1;1;)?\/0‘ </O‘ 5(!’ _ t”) e—ial”"=t") q¢" a4t +’111_I}30 <bi'nT(_w) binT(w)>
1 T
= lim = | d'+S; ;
Jim 7 | d+85,5, (@)

=1+ Slgml;m(a)) .
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Proof of (29).
Saranar+a@) = lim ((ar(-w) aj@)) + (47(-w) 4r(@))
+ {ar(—w) ar(@)) + (a1(-w) a1(@)))

p1 lim (bior(=w) by, (@) Jy] lim (b, ;(~) binr(@))
= +

(w+Qp+ (w-p+
Y 711_{130 <Bin r(—w) BinT(a’))
(i(—co —Q)— 'Z—') (i(co —Q)— %)

* 13 Nl Nl
4 711_1;1;10 <binT(_w) binT(w)>

(<itco—0)- ) (<iw-0)- 1)

2 2

+

+

71 Sp: 57 () o 1 by, (@)

2 2
(w+Q)2+% (w—Q)2+%

_ |7/| (SBinBin(_w) + 1) + |y| SBinBin(w)

2 2
@+0r+2 (@-op+2

Thus
1 (7+3)

Sarrayaita(@ ® Q)= ——————,
-2+
4

_ Aoa
and Sge(w) = ——— Sat+ayat+a)(@)-
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Proof of (32). First, we will need
©0 na—iwptn
i|aoe—iw]_t> ®d a2 g &

d im0 \n!

2 s (04
=e7|®[/2 3 (< n) 2—— |n)
n=0 W

RS
. 2 ; n
_lee—|oc0| /2 Z aone—letn_ |I’l>

\Vn!
m+1

o0
—icuLe‘|°‘°|2/2 Z qpmtD e-tetminy MY 2 gy
o
- 2 . v/ (m+1)!
_iwLaOe—lete—|a0| /2 Z a," e—lcoﬁm# |m + 1)
) m!
m=

2, - apMe
. i - 0 .
—iwpape®Lle leco]”/2 Z o a4"im)
m=0 m!
= —iwLaoe‘letdWaOe‘”"Lt) .

Then,

( —1hd>|oc eTiont) = (hQaJf +hTQ+hLdTe_i”Lt

: d
+hL*aelet —ih — )|oc eTiont)

(hﬂoc e_”"LtaT+hTQ+hL af e—tont

+ AL age Lt el @l — fo; qpe ot d*) |oc0 eTient)

hQ
=(T—h|“o| (Q—-wp)

+ he_ith dT (0(0 Q- o) (Q - CUL) — Wy, 0(0)) |0(0 e_ith>
=1 (5 - ool @— ) jroeat)
where we have used L = —a, (Q — wp).

Proof of (34). The time-derivative of %Bq(t) is now

q(t)(3) ey by(t) — ix: a(t) — ix: ag et
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with solution

t
by(t) = —ix et f elent’ (a(t') + ag e7iert’) dr

t t
- _ iK; f e—iwq (t—t") d(t’) dr’ — iK; ap f e—icoq (t—t")—icp t’ dt’ + e—iwq (t—to) Bq(to)
t t

0 0

t
= —ik&k/ e 12 (=) q(¢"y dr’
t

0
K ap eieLt
q L Y _ ) _ N
_W(l_e i(t=t9) (@ wL))+e 0 (=) b (1) .

%

The time-derivative for d(t) is
id(t) = —-iQalt)—-i(Q—wy)a e el —jLe oLt —Zix b,(t)
dt - L/ %L q-q :
q
Applying the continuum and Markovian approximations to the last term,

t o0
—Yixg by () & — x|’ f f e=i0 =1 ey a(¢") dt’
q ty Y—o0

. .
. . 1 — e—i(t—tp) (@—wy)
+1i|x|® apeiont f . dw

(]

(o9
—ix f e 1@ (=) h(w, t,) dw

0 :

A _ _ 1 — e-i(t—to) (w—wy)

= —7 |x)? a(t) +1i |x|* ag e 1t f py— dw
— o,

—0o0

—V2mixby(t).
The integral can be evaluated as follows,

o0 1— e—i (t—tg) (w—wy) . X 1— eie
/ dw = lim
o W — Wy, x—oo J_ o

0 1 6=—(t—ty)(w—ay)

X X .
—tim [ 2200 o 4 tim f sind] 44

x> ) o 0 x—oo ) o 6

and

= d:
5 6=0,

1 —cos[(—9)] 1 — cos[@] *1—cos[8]
- e /

de .

sin[(=6)] _ sin[6] “sin[0] . [ sin[6]
R :f_ ecle_zfo 3

X
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This non-zero integral is the Sine Integral, which has known limit,

f SnO] 46 _ sif] . lim Si[x] = % .
0

e X—00

Putting this all together, we find

o0 1— e—i (t—tp) (0—w))
/ dow=1irm,
w—w;
—00 J

and thus

_Zikq Bq(t) ~ —7 x> a(t) — 7 |k ape it —V2mixbi(t) .
q

Putting this into the time-derivative for a(t), with y = —2 7 %2,

d, . ., vl 3
aa(t) = —iQa() - - a(t) — [y bin(®)

- <I(Q - C()L) + %) C_lL e_ith - iLe_ith ,
0
where the last line is zero by
4 = —iL
L= 5 Iyl
i(Q—wp)+

2

Proof of (35).
[% A(t)] f= %A(r) f—A@) %f
- (%A(t))f +A(t) %f - A %f
- (%A(r)) 7.
Proof of (38).
0= (H(t) —ih %) [(©))

H()—ih %) U9’ @)

o do U
AOUO©) - (ih 300 ) §/0) - 0085 [9'O)
d

OAOUO W'©) - 070 (i3 S00) 9©) - ih 3 [9©)

R Q>

e dY
O=ih )W) .
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Proof of (39). We want to illuminate the meaning of

(6]8) = (f|d'g) -

Using integration by parts
Grjo= [ (& f(x))* g(x)dx
o \OX

- fr gt - f f(x)*(%g(x))dx
0

= (f|-%8) .

when f and g are appropriately normalizable functions in quantum mechanics with f(x —
+00) — 0 and g(x — +o00) — 0. This allows us to write things like

() - = (3er0) = v &
]
Proof of (43). To determine ©[0], consider
f "~ slx] 0lx] dx = ©0]
By integration by parts, this is
foo olx] (5lx]dx) = ©[x] 9["][000 - foo 5[x]©[x] dx ,
> 2 fooa[x]@)[x]dx -1,
thus
o[0] =+ .
0
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